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ABSTRACT: We study the worldvolume supersymmetric gauge theory of M-branes probing
backgrounds corresponding to wrapped M5-branes. In the case of M5-branes wrapping a
2-cycle in C?, we use M2-brane probes to compute the BPS spectra of the corresponding
N = 2 gauge theory as well as M5-brane probes to calculate field theory parameters
such as the gauge coupling, theta angle and complex scalar moduli space metric. This
background describes a large class of Hanany-Witten type models when dimensionally
reduced to Type ITA 10d string theory. We calculate the instanton action using a DO-
brane probe in this limit. For the case of M5-branes wrapping a 2-cycle in C3, we firstly
show an alternative method to derive this solution involving the projection conditions and
certain spinor bilinear differential equations. We also consider M5-brane probes of this
background, and analyse the corresponding N' = 1 MQCD gauge theory parameters. In
general there were no supergravity corrections to field theory parameters when compared
to previous flat-space field theory analysis.
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1. Introduction

The main idea of this work is to verify that probing a certain supergravity background
can correctly reproduce features of the four-dimensional N’ = 1,2 supersymmetric gauge
theory of which it is dual at the near-horizon limit. In particular, we wish to see if there
are any corrections to the usual flat-space field theory analysis of N' = 1, 2 supersymmetric
gauge theories when we use the supergravity solution of localised brane intersections [[]—{]
for our probe analysis. This approach works for a wide class of such theories. So one can
obtain information about field theory from a geometric approach, in the spirit of the gauge
theory - gravity correspondence.

Starting from the discovery of D-branes as stable extended objects in string theory [f],
much work has been done examining their properties. Various dualities uncovered the
M-theory origin of these branes [ —[], in what was a great unifying leap forward. From
the properties of these M-branes, almost all of the known spectrum of D-branes in lower
dimensions had a nice geometrical origin. Soon, more elaborate constructions involving
D-branes began[[l(], making use of the worldvolume fields living on them as sources for
boundaries of other D-branes. In particular, supergravity solutions of orthogonal intersec-
tions of branes were examined [[1], [J], where some of the branes were smeared over the
others worldvolumes, as well as branes intersecting at angles [[L3].

Another important breakthrough was the construction of the type IIB Hanany-Witten
brane models [[[4], which were later recast in Type ITA language to deal with four-dimensio-
nal supersymmetric gauge theories [I5]. These provided an excellent geometrical descrip-
tion of the important analysis that had been done earlier on the exact low-energy effective
action of N = 2 gauge theories [[L].

Another significant advance was the discovery of the duality now known as the gauge
theory-gravity correspondence, or AdS/CFT as in the first examples[[7]. This was a con-
crete realisation of the older idea of the holographic principle [I§]. Originally inspired by
the properties of D3-branes, it related Type IIB string theory on an Anti-de Sitter (AdS)
spacetime to a conformal field theory (CFT), in that case, N' = 4 supersymmetric, large
N, SU(N) Yang-Mills theory in four dimensions. Many more examples were subsequently
put forward relating different backgrounds to different supersymmetric Yang-Mills theo-
ries [I9, ROJ. In particular, many examples of branes wrapped on numerous manifolds and
their dual Yang-Mills description were analysed.

The outline of this paper is as follows. In section [, we quickly review the N’ = 2
supergravity solution of localised brane intersections we shall be using for the analysis
in the next sections. Section [| begins with a quick summary of the M5-brane world-
volume action followed by a probe calculation which yields the Ké&hler metric for the



kinetic term of the complex moduli scalar fields. There is also a simple example of a
parallel brane probe. Section [| contains a calculation to determine the BPS spectra of
the N/ = 2 supersymmetric gauge theory. This is illustrated in two different ways: by
a conventional M2-brane probe calculation, and by using the projection conditions and
Killing spinors to calculate the central charge of the BPS probe M2-brane. The two are
shown to be equivalent. Section [J contains the calculation of the Yang-Mills coupling
and theta angle of the N' = 2 Super Yang-Mills theory living on the D4-brane probe,
once the Mb5-brane probe has been dimensionally reduced. This section also includes an
instanton action calculation as a DO-brane probe of the 10d Type ITA background. Sec-
tion [ contains the analogous A/ = 1 calculations. We also include a derivation of the
previously known A = 1 supergravity solution [[] using a method involving the projection
conditions, certain differential forms and their differential equations built from the Killing
spinor equation. Finally, the last section summarises the results obtained and discusses
their implications.

2. N = 2 supergravity solution of fully localised M5-branes

2.1 Review

In this section we review the eleven-dimensional N' = 2 supergravity solution of fully
localised M5-brane intersections [[Il-f]. Viewed from an M-theory perspective, this corre-
sponds to an M5-brane with worldvolume R¥#) x 3. where ¥ ¢ C2 is a Riemann surface.
This is a holomorphic embedding which preserves N’ = 2 (in d = 4) supersymmetry. This
configuration is related, in the appropriate near-horizon limit, to N/ = 2 supersymmetric
gauge theories by the AdS/CFT correspondence [[[7].

From Seiberg and Witten’s work [L§] we know that the exact low energy effective action
of a large class of N' = 2 four-dimensional gauge theories can be described by a family of
Riemann surfaces ¥ C C?. These Seiberg-Witten curves encode information about the
gauge theory such as the exact mass of BPS states.

These Seiberg-Witten curves were later found to have a geometric description, found
by Witten [LJ], in terms of a Hanany-Witten construction [[4]. This provided a much more
intuitive geometric interpretation of the field theory results and has proved to be a useful
method of describing large classes of supersymmetric gauge theories.

The Hanany-Witten setup in 10d Type IIA involves D4-branes with worldvolume di-
rections 01236 ending on NS5-branes extended in the 012345 directions. All the branes are
located at 28 = 2 = 2!9 = 0. The NS5-branes are separated in the 2% direction and the
D4-branes can be infinite in this direction, finite by stretching between two NS5-branes or
semi-infinite by ending on only one of them from either side. We can then express four real
dimensions in terms of two complex coordinates v = z* +i2® and s = 2% + 27, where 27 is
the eleventh dimension (a circle of radius R). In eleven dimensions (as R > 0), the inter-
section between D4 and NS5-branes is smoothed out and becomes an M5-brane wrapping
a 2-cycle in C3, with embedding R x ¥, The Riemann surface ¥ can be determined,

up to moduli, using the known asymptotic form.



This Riemann surface ¥ is in fact the Seiberg-Witten curve for the gauge theory.
The Seiberg-Witten differential also has an M-theory derivation [R1] (see [, RJ] for a
comprehensive review of these constructions). The BPS states correspond to minimal M2-
branes whose boundary is on the M5-brane. The mass of the M2-brane gives the mass of
the corresponding BPS-saturated state.

2.2 Reconstructing the supergravity solution

One method of finding the supergravity solution of a particular brane configuration consists
of using the projection conditions for preservation of supersymmetry to constrain the metric
and four-form field strength.

The integrability of the Killing spinor equation then allows one to relate geometries
that preserve some degree of supersymmetry to those that in addition solve the equations
of motion [R4]. Typically, a supersymmetric solution which in addition solves the Bianchi
identity and equations of motion for the background field strength will satisfy almost all
the constraints from the Einstein equations. For the case of a geometry admitting a null
Killing vector K = e™, for example, one just needs to impose Ey; = 0 to obtain a full
supersymmetric solution [R4], where E,,, = 0 refers to the Einstein equations.

More recently, the whole program relating to G-structures [24, R§ has been carried
out in full. This is a group theoretic approach which has proven useful in classifying super-
symmetric solutions in various dimensions, depending on whether the minimal background
Killing spinor gives either a time-like or null Killing vector. We shall not go into the
details of this approach here, but we note that both supergravity solutions used in this
paper can also be derived from the G-structures approach [P]. Quite similar to these is
the new method we employ to derive the ' = 1 supergravity solution [ in the first part
of section [fl. For the moment we consider the original approach.

2.2.1 Solving the Killing spinor equations

In the original paper [[f], after imposing the expected symmetries of the solution for the
metric, namely R*#) x 3 x R¥) | the supersymmetry projection conditions were used to
solve the Killing spinor equations

Dre =0, (2.1)

where

~ 1
Dje=Vje+ @ [PIJKLM — 85}]PKLM} Frrome (22)

and F' is the four-form field strength of 11d supergravity.
We use the notation in [R7], with I'y; for the spacetime Dirac gamma-matrices and .

for the tangent-space gamma-matrices. These are related by the vielbein €'}, such that

gMN = eﬁenj\ﬂ?mn , Py = e%fm s {FM7FN} = 29MN {fmafN} = 2Nmn. (23)

The number of supersymmetries preserved by a p-brane configuration is given by the
number of spinors € which satisfy the equation

A

le=¢ (2.4)



where we have the definitions ' = e“lmO‘PI’MI___Mp(?alXMl ... 8QPXMP and T'ppyn, =
I%F[Ml---Mp}' The XM is the embedding of the p-brane in the background geometry and
the «; denote the world-volume coordinates.

If we consider for definiteness our NV = 2 example, we know that the asymptotic form of
the embedding (i.e. the Type IIA Hanany-Witten model) should be two sets of orthogonally
intersecting Mb5-branes with worldvolume directions 012345 and 012367. This corresponds
to the projection conditions

lo12345€ = €

Lo12367€ = €.

There are, however, more projections compatible with these that do not break any
further supersymmetry, such as, for example,

Pas67€ = To12380(10)€ = —€. (2.7)
If we now define complex co-ordinates

v=2z =zt+ia’ (2.8)

s =22 =a%4ig", (2.9)
then we can concisely express the above relations as

L012305€ = 10,45€ (2.10)

with d,; as the tangent-space metric with d;7 = % in our conventions. This restriction
on e means that the solution will preserve i of the supersymmetry (or equivalently, eight
supercharges), which corresponds to N' = 2 in four dimensions. We use conventions where
ds® = 2gy ndzMd2N =6, 5e8, (el]’\,) dzMdz"N for complex Hermitian metrics.

Solving the Killing spinor equations with these projection conditions and metric ansé-
tze R¥#) x 3 x RO then lead to the following metric and field strength [fl, B]:

ds* = H71/3dx2(173) + 2H71/39MNdszzN + H2/3dx2(3) (2.11)
FMNaﬁ = i€apyOy g N
Farsoo) = —4i0mg
FN89(10) = 4idyg
9 = (Guv9ss — gsv9vs) - (2.12)

We denote with Greek letters «, 3,7 the totally transverse directions 8,9,10, and capital
letters M, N for the complex co-ordinates v, s.

The metric g,, is constrained to be Kahler, with (square root) determinant g, and
H = 4¢ from asymptotic conditions. This is similar to what we would expect from the
harmonic function rules [[[1] of orthogonally intersecting branes, but with extra off-diagonal
components. These components are what effectively describe the brane in the relative
transverse directions. The equation of motion for F' with a magnetic source J is

dF = J = Jyxdz™ A d2N A da® A da® A da'®, (2.13)



where
Tarw = —4i (xlp)® (Ou f) (ONT) 8(£)6°(r) (2.14)

since the M5-brane is wrapped on a Riemann surface X, defined by a holomorphic function
f(v,s) =0 at r = 0, where r denotes the radial coordinate for the totally transverse space
RU . This results, in terms of the Kahler potential for gy s K, in the equation

8g(K) + 0,0, K = —4(wlp)’ | f* 6°(f)6° (r) (2.15)

which is related to the Monge-Ampere equation.

2.2.2 Taking the near-horizon limit

Once the brane construction of a particular gauge theory is known, one can try to describe
the supergravity dual of the field theory. In the same spirit as the AdS/CFT correspon-
dence, we identify the field theory parameters which should be kept fixed while taking a
limit to decouple gravity and string modes.

Since we are interested in describing the gravity dual, we only need to solve these
equations in the near-horizon limit. In this limit we keep the gauge couplings and masses
fixed while taking [p — 0. Looking at the example of a Hanany-Witten type ITA setup
examined in [, we have, for example, magnetically charged states represented by D2-
branes stretched between the D4-branes and NS5-branes. Classically, they would have a
mass
lolL_|w]

gs(a/)3/2 a g%/M

)

where |v]| is the coordinate distance between two D4-branes, and L is the distance between
two NS5-branes. Thus in the limit where we keep w = v/a/ and the Yang-Mills coupling
constant gy s fixed, while taking o/ — 0, the field theory states have finite mass.

Concretely, it was found that the relevant scalings of the supergravity variables in
M-theory units, by defining w,t and y as follows, are:

) VR
w = _— = —
1,2 1p?
gslsg lP3
Yy = R

Our expectations from the AdS/CFT duality suggests, for a conformal theory in a
Hanany-Witten setup, a solution of the form of a warped product of AdS5 with a compact
six-dimensional manifold Mg. Requiring that the metric (R.11) can be written in this form
places several constraints on the components of the Kahler metric g,,; which are not
obviously related to the equations of motion. However, they are compatible and a solution

has been found [f].



2.2.3 More general N = 2 supersymmetric theories

1
g2Y]W
the y-plane intersected (for gauge group SU(N)) by N infinite D4-branes, the holomorphic

Looking at the example of a conformal theory with two NS5-branes separated by in

function f(w,y) which describes this geometry, lifted to 11d, is

1 1
29%y 1 29%y 1

This generalises for an arbitrary Riemann surface ¥ (an arbitrary holomorphic func-

tion f(w,y)). In this case, the supergravity solution can be determined from the Kéhler
potential K which is given by [f]

N [(VEHIF )
K =111 —|—§|G|2

= —1In

2
2t Vit R -2

F? = fUN, (2.16)

where in general N is defined as the degree of f as a polynomial in w. To find explicit
solutions we need to solve

(0,F?) (0uG) — (0,F2) (9,G) =1 (2.17)

to find G. Whether this is easy or not depends on f.

Geometrically, the variables (F?,G) can be thought of as local co-ordinates transverse
and parallel to the M5-brane. The above equation is simply the statement that the Jacobian
of the holomorphic co-ordinate transformation from (w,y) to (F?,G) is equal to one. It is
also the necessary condition for the metric

gaw = 2 (00 F?) (W) 9+1/2(0mG) (9nG) (2.18)

to have determinant g. The source equations (R.14), (R.159) reduce to the condition that g
is a harmonic function in the five-dimensional transverse space with radial co-ordinate

so that g = 78%\3[.
These new co-ordinates appear to be naturally suited to describe this M5-brane con-

figuration.

3. Mb5-brane probe

3.1 Preliminaries

In this section we will study the action of an Mb-brane probe. Probing our background,
which is the supergravity dual of N' = 2 gauge theories, we can obtain information about
various field theory phenomena. In particular, we will calculate the metric of the complex
scalars kinetic term in the effective Lagrangian.



We will consider the worldvolume action of the probe in the supergravity background
manifold we have just described, which, up to warp factors, is of the form R x Q% x R3,
where R is the four-dimensional Minkowski spacetime, Q*is a four-manifold of SU(2)
holonomy, i.e. a hyper-Kéahler manifold, and R3 is a three-dimensional Euclidean manifold.
The M5-brane which sources this background has worldvolume R'3 x ¥, with ¥ being
a 2-cycle embedded holomorphically in Q* C C? with complex coordinates F2,G. It is
located at a point in R3, the totally transverse directions. Explicitly, the metric reads

ds* = H71/3dx2(173) + 2H71/39MNdszzN + H2/3dx2(3) (3.1)

where the metric of the hyper-Kahler manifold is given by
gan =2 (00 F?) (9 F?) g+ 1/2(9uG) (InG) (32)
and g is given by g = %. The spacetime indices M, N = F?,G run over the hyper-

Kahler part of the metric.

3.2 The M5-brane worldvolume action

The dynamics of the M5-brane probe are determined by its worldvolume action, the so

called PST action ] (see also [B9]). In the PST formalism the worldvolume fields are
a self-dual three-form field strength H = dBs and an auxiliary scalar field a (the PST
scalar). The action is the sum of three terms:

S = / @0 [Lopr + Ly + Lw 7] (3.3)

where the tension of the Mb5-brane is denoted by 75. In the action (B-3) the worldvol-
ume field strength H is combined with the pullback P[C®)] of the background three-form
potential C®) to form the field H:

We can also define the field H as follows:

1 1

3 —detG \/—(9a)?

with G being the induced metric on the M5-brane worldvolume (see Appendix [A] for the

7_~(mn EmanQTalaHpqr (34)

conventions used throughout this paper).
The explicit expressions for the three terms in the action are:

[rDBI - _\/_ det <Gmn + Z’):lmn> (35)
1 Imnpqr s
‘CH7:( = 24(@@)26 P H pgr Hinns G talaata (3.6)
1
[rWZ - aelmnpqr [P[Cm)]lmnpqr + 10Hlmnp[c(3)]pqr . (3'7)

As discussed in [2g], the scalar field a is an auxiliary field, which, by fixing its gauge
symmetry, can be eliminated from the action at the expense of losing manifest covariance.
We will not fix it for the time being.



3.3 Probe calculation of complex scalar kinetic terms

Our M5-brane probe will have a worldvolume of the form R(3) x A where A is a two-
dimensional surface in Q* C C? which is allowed to vary over R(:3) . Also, we assign to
it the worldvolume co-ordinates ¢™, z, Z whose embeddings are holomorphic and of the

form:
XM = g™
XM = XM (2,0™ uq (™))
XN — xN (Z,Um,uB (am))

X = X(2,2,0™,uq (™) ,uz (™)) .

For the purposes of this calculation we definem =0...3, M, N = F%2, G and X refers
to the totally transverse directions a = 8,9, 10 (the conventions are similar to those in [B(
where a related calculation was performed). Also, z, z are arbitrary co-ordinates on the
Riemann surface A which has uq, ug as its complex moduli.

We consider only small deviations from a supersymmetric embedding of the probe, so
OXM  9gXxe 9X* 9X® Jug
Ooc™ 7 0z 7 Oo™’ Ouq do™

but since these are only very small deviations from the supersymmetric configuration we

and are small. This typically breaks all the supersymmetries,
can expand the M5-brane probe action to quadratic order in these terms to find the metric
on the moduli space.

As the five-brane action is invariant under world-volume diffeomorphisms, we can
always choose z and Z in such a way that the induced metric on the Riemann surface is
conformal, i.e. g,, = gsz = 0. As this will simplify things considerably, we will from now
on assume this to be the case.

The first case we shall consider is a flat M5-brane probe with no worldvolume H field
turned on and neglecting the WZ contribution of the action. We will also ignore the z, Z
dependence of the X®. In this case the probe action reduces to

S = —715 dGO'\/—det (GG),

with Gg the full 6d worldvolume metric. Explicitly, the action induced from the background

metric becomes:

S = / d*od?22H " g.2\/—det (mn + Linn) (3.8)

where

5 1 N 1
Lmn =2 [amXManXN <9MN - gMz_gzN> +amuaanXN (gaN - gaz_gzN>

zz zz

1 1
+ 3mXM3nu3 <9M6 — gMz—ng> + 3mua({“)nu§ (gag - gaz_gzﬁ>:|
9zz 9zz

Oug aUB Oug 8UB 6u5 Oug
t9 [paﬁ Oo™ Jo™ T Paj Jo™ Jo™ T Ppa Oo™ Jo™
Ly Oua Oup o Oua OXP L Oup OXP

Pas ggm gon T P gem gon T P gam gon
X Oug 0X® Oug X" 0X"°
o G PG e+ ko |

+ Paa



__oxM - ogxN o 9xN 0 9xes 9xb o
and we have defined gaﬁ = mgMNWB’ gMB = gMNWE’ paﬁ = m(sabwg and paﬁ =

5abgTXf. In this notation, the spacetime metric g,;x is the same as that of equation (B.9).

The second bracket which is multiplied by g only contributes terms which are at least
cubic in small derivatives, so are typically higher order corrections and we will not analyse
them here. The very last term is an exception since it remains quadratic but it nevertheless
does not contribute to the effective four-dimensional theory we are interested in.

The reason is that, on the one hand, if the complex space A is non-compact, it would
pick up an infinite mass term from the volume integral and could therefore be neglected in
the four-dimensional field theory analysis. Whereas if the space A is compact, we can in
principle perform an expansion in terms of Fourier modes, and the fact that the endpoints
of our probe are by definition constrained in the X directions forces the zero modes to
be at least linear in derivatives. These boundary conditions then imply that the last term
will be of higher than quadratic order in derivatives, and therefore not contribute to our

analysis.
Upon expansion of the action (B.§), the kinetic term for the scalars X, XV and u,
reads
a1 1
Skin = T5/d od“z g gzgiTr(L). (3.10)

Looking at the quadratic terms in the complex moduli only, we find
Skin = 7—5/d40 amuaamuBKaB’ (3.11)

where K5 is a Kéhler metric given by

K,z = /Asz 97" (903922 — 9a29.5) - (3.12)

This is Kahler up to total derivative boundary terms of the form
[ 2 (0:F%) (05G) — (052 (9:)) 0. [(06) (0,F?) ~ (2,6) (0 F?)]
A

and

[ 2 (0:-F) (0uG) = (0F%) (0:G) 0 [(0572) (956) = (052) (3:6)]

where we have ignored contributions coming from the 9(Z$7ypxy) terms (the totally trans-
verse fluctuations of the brane), as explained above. In this calculation we have also
explicitly used the fact that the spacetime metric g,,5 is Kahler.

These terms can be written as a total derivative straight away since they are a product
of holomorphic and anti-holomorphic factors. In particular, if we define the one-forms

Do = [(0:F?) (0aG) — (9aF?) (0:G)] dz, (3.13)
then d®, = 0 because of holomorphicity. So if we also define the scalars

Bay = (0aG) (0,F?) — (0,G) (0.F?), (3.14)

,10,



the boundary terms are of the form

/ dBay A @7 and / dBgy N o (3.15)
A A
Evaluating them at the boundary results in
B,, ®5 and / Bg, @,. (3.16)
on P on

So we can impose that these terms vanish at the boundary. For a non-compact probe,
the asymptotic embedding is independent of the moduli, so clearly these boundary terms
vanish (since (0aF?) = (9,G) = 0 asymptotically), and hence the metric is Kéhler. How-
ever, while a finite D4-brane probe in Type ITA can end on a background NS5-brane, this
is only possible for a supersymmetric probe as an approximation for small R > 0, so for
such a probe one should choose appropriate boundary conditions such that the boundary
terms vanish.

Additionally, there are the mixed terms 0,u,0"X N and X M Olug as well as the
quadratic term of the complex scalars 9, X Magnx N, They all have Kahler metrics on their
moduli space with boundary terms similar in form to the ones we have just analysed, giving
the expected result that the moduli space of all the complex scalars is given by a Kahler
metric.

From the expression for the Kéhler metric (B.19) of the complex scalars with respect
to the complex moduli, one can then obtain the standard form of the scalar kinetic terms
of the N = 2 effective Lagrangian in the usual ways (see for example [B(]).

3.4 A simple example: the parallel brane probe

Another example is to probe the background with an M5-brane which is parallel to the
background Mb5-brane configuration. This does not imply it is flat, but merely that it
somehow reflects the shape of the background. We shall let our probe have worldvolume
01232z, where z = 0% + i0®. This time we do not consider fluctuations in the complex
moduli of the brane. We will let the probe have a time dependence on Q* x R3. The
embeddings are then

XM =™

XM = XMz, 09

XN = xN(z, 0%

X=X “(JO).
The action for the kinetic scalar terms then becomes
_ 1
Skin = Ts / d*od’zg"g.z <900 ~ 90z —9:0+ 9 (80X“)2> (3.17)
zZz

where gg5 = (90XM9MN80XN.
Now, for a probe which is parallel to the background we set z = G which simplifies
the above expression to

Skin = Ts /d4ad2z (\aozﬂ\? + % (00X0)2> . (3.18)

— 11 —



This means that the brane sees a flat metric on the transverse directions which agrees
with the expectation of a flat moduli space metric. Also, there is a trivial volume form which
seems to suggest that these co-ordinates are a natural way to describe this configuration.

We shall return to more results from Mb5-brane probes shortly, but before we do that,
we take a quick foray into an M2-brane probing the BPS spectra of the field theory.

4. M2-brane probe

4.1 Introductory remarks

The main result of this section is to calculate the mass of BPS states in four-dimensional
N = 2 supersymmetric gauge theories. We shall be using an M2-brane as a probe of the
supergravity background corresponding to completely localised M5-brane configurations in
M-theory (or equivalently M5-branes wrapping 2-cycles in C?), which is the supergravity
dual of a large class of such gauge theories. States corresponding to BPS monopoles are
realized as two-branes ending on the five-branes. One example of this are the membranes
in a Hanany-Witten type setup. In particular we check whether this method provides
corrections to the previous flat-space four-dimensional N = 2 supersymmetric field theory
analysis [B1, B9

There are two ways in which this can be done. In the probe analysis, we find a suitable
complex structure in the hyper-Kéahler part of the background in which to embed the M2-
brane holomorphically, and then proceed to calculate the induced volume. We calculate
the case of a static M2-brane and check it receives no corrections from the supergravity
description.

The other method is based on the approach of calibrations [B3—pf]. This relates the
BPS bound to the central charge of the 11d supergravity supersymmetry algebra. We take
into account the generalisation of these calibration forms to include arbitrary background
fields [B7. Again these topological charges give no corrections to the previous flat-space
field theory calculations of the BPS monopole mass.

In the following, we shall establish the complex structure the M2-brane probe should
be embedded holomorphically with respect to, and proceed to calculate its worldvolume.
There follows a brief review of the concept of generalised calibrations and a calculation of
the calibration bound for the M2-brane given the appropriate supersymmetric projection
conditions. In both cases, we find no corrections to the previous flat-space field theory
analysis.

4.2 M2-brane probe calculation

In this section, we will study the action of an M2 brane probe since it is known that minimal
area membranes which end on M5 branes are related to the BPS states of N' = 2 gauge
theories to which our supergravity background is dual. Our background is sourced by the
M-theory configuration described in the last section, which has the topology R x Q% x R3
up to warp factors, where Q% is a hyper-Kéhler manifold.
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4.2.1 Preliminaries

Consider an M2-brane probe with worldvolume R x D, where D, the spatial part of the
M2-brane, is a two dimensional surface embedded in the manifold Q* given by our back-
ground. Apart from the warp factor, we know Q4 is hyper-Kéhler because all two-complex
dimensional Kéahler manifolds are automatically hyper-Kéhler. This means that instead of
the usual one complex structure, this geometry admits a family of inequivalent complex
structures parametrised by a two-sphere S2, with SU(2) commutation relations between
them. Also, in four dimensions, the hyper-Kéhler condition implies Ricci flatness and
should therefore admit a covariantly constant holomorphic two-form.

We denote by X the surface of the M5-brane which is embedded holomorphically in
Q. Now, we wish to embed our M2 probe holomorphically so that its spatial part has
a boundary C' = 9D that lies on 3, i.e. so the two-brane ends on the five-brane. To
achieve this the M2-brane shall be embedded holomorphically with respect to some complex
structure J’ which is orthogonal to the complex structure J in which the M5-brane was
embedded holomorphically. Given a complex structure J, the set of such J’ for a hyper-
Kihler manifold is parametrised by an S' that actually corresponds to the phase of the
central charge of the BPS saturated state [B].

To further and completely distinguish between the different possibilities, we also require
that the M2-brane probe satisfy the supersymmetry projection conditions.

4.2.2 Choosing the appropriate complex structure

For our particular background geometry, the five-brane is wrapped around the holomorphic
curve ¥ and the Killing spinors satisfy [Bg:

Copo3T ¢ = 6, 3¢. (4.1)

with a,b running over 1,2. These projection conditions preserve 8 real components of €
and thus give N’ = 2 supersymmetry in four dimensions.

Introducing the two-brane which ends on the five-brane requires the additional con-
straint [21]
1 —
560‘51“01“ 170aW10sW e = ¢ (4.2)
where W' now denotes the embedding of the two-brane with respect to a different complex

structure.

Explicitly, if we rewrite the hyper-Kéahler part of the metric in terms of the vielbeins
gy dMdzN = |dZY2 1 |dZ2? = €8, (@) §5dzMd2N,

the complex structure J, compatible with the Mb5-brane configuration, becomes

dZ' = Re (e}wdzM) +4¢Im (e}wdzM)
dZ* = Re (e?\/[dzM) +iIm (e?\/[dzM) . (4.3)
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We can now deduce the alternative complex structure J’ that satisfies the projection con-
ditions and the orthogonality constraint. In terms of the differentials, these are

dW' = Re (ep;dz™) + i Re (e3,dz™)
dW? = Im (e}\/[dzM) —iIm (e?\/[dzM) . (4.4)

The M2-brane probe shall be embedded holomorphically with respect to the co-ordina-
tes W1, W? in the above basis. As we will see, we won’t actually need to integrate the
dW?, dW? differentials, which simplifies the task considerably. Additionally, one can also
trivially include an arbitrary phase which rotates the W', W? co-ordinates. We include
this phase for completeness in the analysis of section [[.3.

We can rewrite the M2-brane projection condition (.3) in terms of the Mb5-brane
holomorphic variables using Equation ([£4). In this language, the projection condition is

(anb + anB) €=¢ (4.5)

with again a,b = 1,2. This additional constraint cuts the number of supersymmetries by
half (leaving four real supersymmetries), expressing the fact that the M2-brane is a BPS
state in the worldvolume theory of the M5-brane.

4.2.3 Probe calculation

We shall now consider our background spacetime R x Q* x R? with metric

ds* = H71/3dx2(173) + 2H71/39MNdszzN + H2/3dx2(3), (4.6)
where
guw = 2 (00 F?) (aNF2) 9+1/2(0uG) (InG) (4.7)
N

and g is given by g = =5 .

We define the spacetime indices m = 0,...,3 and M, N = F? G that run over the
Lorentzian part and the hyper-Kéahler part respectively.

The worldvolume co-ordinates of our M2-brane shall be (¢,0,5), where we have com-
plexified the spatial part of the brane (with ¢ = ¢! 4 ic?) for future convenience. These
will have holomorphic embeddings of the form

X0 =1t
Wl =wl(o)
w’ = Ww’(5). (4.8)

This static probe will provide information about the mass of BPS states of the dual
gauge theory. The action of an M2-brane is given by

Snre = —Tg/dgow/—det (Gij) +/E (4.9)

- 14 —



where 73 is the tension, G;; is the pullback of the spacetime metric onto the two-brane and
= is the pullback of the spacetime three-form potential. Note that this last term vanishes
for our particular embedding and so does not contribute in the analysis.

In terms of real co-ordinates, we can define 2™ = 2™ + iyM and split the complex
vielbein into real and imaginary parts e}, = a$; +¢5%;. The holomorphy condition on the
worldvolume induced co-ordinates,

owr _ow? _
ds 07

then gives a set of four constraints on the vielbeins. We can simplify these equations by
defining

Al = a%@mM — 6}‘\‘43in

B = 6}‘\‘48@]\4 + a?MBZ'yM.

In terms of these new variables, our holomorphy constraints imply

Al = A} Al =-A} B =-Bj, Bj =B}
The induced metric can then be written

Gy = 6,5 [A® + iBY [Ag . z‘Bﬂ +[i ).
We can simplify this further by defining new complex variables

Cj' = A} + 1B}
which transforms the constraints to
Ct=0C2 and C3 =—C2. (4.10)

More concretely, in terms of our complex vielbeins, we have

oM
Oot

Co = 4, (4.11)

Finally, the induced metric can be written in the form

- 8zM 9N —
R _.a bf s = . 2 _a b . .

which can be checked explicitly to be hermitian. In particular, one can evaluate the com-
ponents of the induced metric. Equation () reveals that G19 = G1 = 0 and G111 = Goas.
The precise form of the non-trivial components is
1
G = 29\31}72]2 + 5‘31G‘2 (4.13)
with the notation 0

= _0_
— 9ol
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In terms of complex vielbein components, the holomorphy conditions of W(s) reduce

Re (eM%ZU > = Re <6M682 >
0z 0z
Re(eMa 2> = —Re <6M601>
M M
Im eM(91 = —Im eM(?U
Im <6M?{922> = Im <6M8821> (4.14)

We can choose e}\/[ = 2\/§6MF2 and 6?\/1 = O G which leads to the constraints

to the following equations

_OF?_ oG

80 Qo2

OF? oG
2 = —— 4.1
\/_80 ool (4.15)

which are identical to our earlier results. If we now include the warp factor 2H /3 we
had been ignoring until now and look at the full determinant of the induced metric on the
M2-brane probe we conclude

/ \/—det (G) dt Ado' A do* = / V—=2H"2/3GoG11Gaz dt A do* A do?

B / <8F2 oG 0G OF?

1 2
—80'1 W — ﬁ—80_2> dt/\da /\dO'

= / dt A dF? A dG. (4.16)

If we consider the spatial part of the probe, this induced worldvolume integral times the
tension of the brane results in a probe mass given by

Mass = ‘/dFQ A dG' . (4.17)

This gives a very natural frame in which to describe the M2-brane probe dynamics.
In some sense, we have chosen the appropriate co-ordinates so the induced probe brane
action has a trivial (in ¢g) volume form. This is similar to what happened in the previous
M5-brane example of the complex scalar kinetic terms (B.I1)).

4.2.4 Check from topological arguments

On a different note, one can check that the result is correct by calculating the induced
Kahler form Kp and holomorphic two form 2p on the spatial part of the M2-brane probe.
We follow closely the methods of [BI] (see also [BZ]) which analysed the case of M2-brane
and Mb5-brane intersections in flat space, without taking into account the full M5-brane
background geometry.
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Our previous results should agree with those deduced from a topological perspective.
To preserve the required amount of supersymmetry, we must require the spatial volume
element of the surface D to be minimised so that it saturates a topological bound. Given
our choice of complex structure J' on Q*, a useful identity is [B1]]

i <(*KD)2 + ]*QD]2> —1 (4.18)

where Kp is the pullback of the Kahler form K to D, and the * denotes the Hodge dual
with respect to the induced metric on D.
The area Ap of the spatial part of the two-brane fulfils the inequalities

2AD22/ VD:/ VD\/(*KD)Q—F’*QD‘QZ/ ’*QD’VDZ ‘/ QD
D D D D

where Vp is the volume-form of D. The first inequality is saturated if and only if the pull-

(4.19)

back Kp of the Kéhler form vanishes, while the second condition requires that the phase

of the pullback *€2p is constant over D. The surface D is then a holomorphic embedding

with respect to some complex structure J’ which is orthogonal to the complex structure .J.
Explicitly, the pullback of the two-form Qp is

Qp = 2H71/3P (ep VAN eg)

1 2

The area of the spatial part D of the probe is given by

/\/det (Gr2®) dot A do® = /\/GHG22 do' A do? (4.21)

OF2 G  0G OF?
1/3 1/6 1 2
= 2" /g/ <—91—9,z——3g1—%z>d‘7 A do

S0 we have

Qp A QD = (VD)2 = det (GMQD) . (4.22)

We can quickly check that the induced Kéhler form Kp on the spatial part of the M2-brane
probe

Kp = 2H73 (29 dF* NdF? +1/2 dG A dG)
=0 (4.23)

vanishes identically. This follows from the holomorphy constraints (f.15). It provides a
check on the equivalence of the holomorphic two-form and the volume element of the probe
as deduced from topological arguments.

Now, in order to compare equations (f21)) and ([17), we have to realise that the
energy-momentum is an invariant quantity. The area element of the probe we have just
calculated is not an invariant quantity since it does not include the time component. So

we need to add a factor of /—gog = H /6 = 271/34=1/6 to Equation ([.21)). Doing this
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then gives the invariant mass term

OF? 0G  0G OF*
1/3 /. 1/6 1 2
Mass = 2 : / — 9009 / (80’1 Oc? B ol 30’2>dg Ado

= ' / dF? /\dG‘ (4.24)

which then agrees with Equation (.17).

This also equivalent to the recent result in ] which used a slightly different method
and notation. The M2-brane probe satisfies the same calibration bound in both cases.
The next section is a spinorial derivation of this bound from the supersymmetry projection
conditions.

4.3 Spinorial derivation of the M2-brane BPS bound

4.3.1 General form of supersymmetry algebra for membranes

Recently, the understanding of the general structure of supersymmetric solutions of super-
gravity theories has made great strides (see for example [B7] and references therein). This

stems from careful analysis of the Killing spinor equations:
Dye=0 (4.25)
where

. 1
Dy = Ve + 5 [0772% = 8T Fypgne (4.26)

and F' is the four-form field strength of eleven-dimensional supergravity.
It has proven useful to repackage €(z) in terms of the following one, two and five forms:

Ky = el'pe
wyN = el yne

YunpPQr = eECMNPQRE. (4.27)

Then e(x) can be reconstructed (up to a sign) from knowledge of K,w and ¥. One can
check that the zero, three and four-forms built this way and their duals vanish identically.

Following the analysis of [B7], we find that one can rewrite the super-Poincaré algebra
of flat 11d supergravity coupled to a supermembrane probe

{Qar Qs = (CTM)osPas & L (CTarn)as 2", (1.25)

where the central charge is defined to be
ZMN — / dXM ndxN (4.29)

(where the integration is taken over the spatial worldvolume of the membrane) and @, are
the 32 component Majorana spinor charges. We may also write, in shorthand notation,

2(eQ)? = KM Py + wyyn ZMY. (4.30)
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Following [B7], for a general curved background (without imposing any restriction on
KM), we have:

2(eQ)? = /KMpM + /(w + 1 A). (4.31)
In this expression, pys denotes the momentum density and A is a three-from potential

for the four-form field strength F. The supersymmetry algebra ([£.3])) leads to a BPS type
bound on the energy momentum of the M2-brane, since (eQ)? > 0. We find

[ 5V =% [+ ) (4.32)

where the term on the RHS is topological in nature.This is indeed the topological bound
we shall calculate for our M2-brane in our particular background.

4.3.2 Calculation of the BPS bound

For clarity we restate the supergravity background metric and four-form field strength we
shall use for the calculation of the topological objects constructed in the last section. These

are
ds® = H71/3dx2(173) + 2H71/39MNdszzN + H2/3dx2(3) (4.33)

where

93w =2 (0nF?) (OnF?) g +1/2 (9uG) (ONC) (4.34)

with g = 78%{ and 7 = \/t4 + |F|*.

The four-form field strength is given by

Frifag = t€apyOy9mN
Farso(i0) = —4i0myg
FN89(10) = 4idyg.

The hermitian metric g,;5 can be decomposed into the tangent space zweibeins

en = 2v/9 (0 F?)

e = (OnG) (4.35)
and so o

93 = et () b (4.36)

Now, we saw in the previous subsection that we need to construct the quantity w = el e.

We shall need the projection conditions for our particular supersymmetric configuration,
which are

Lo10305€ = 1045€ (4.37)

for the Mb5-brane, and
Pe = <€i¢f0ab + e_i¢f0a5) €e=c¢ (4.38)
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for the M2-brane, where in both cases I' denotes the tangent space gamma matrices. We
have included an arbitrary phase for the M2-brane projection conditions, which generalises
the ¢ = 0 case of section [£.2.3. We note that the linear combination of holomorphic and
anti-holomorphic projection conditions do indeed insure it is an hermitian projector with
P2 =1.

From the Killing spinor equation (§.26), we can also deduce that in fact

e(x) = H1/12¢,

(where ¢ is a constant spinor). To find all the contributions to the two-form w we use the
ansitze ([.27) and the aforementioned projection conditions ([.37,/.3§). So for example,

w has no contributions of the form wy, since

Woa = €lgg€
= —i€l'1934€
=0

where we have used the fact that el'1935¢ vanishes identically and also the Mb-brane pro-
jection conditions. Further, we note that it is possible to view the matrices I’y and I'; as
creation and annihilation operators since we have

D lae = 0,50 q¢
T ;l5e = —0,50€ (4.39)

Using these relations, we find that the only non-vanishing components of the two-form

w give

w=—H1/6 <e*i¢ewdz“ ANdz¥ + eid’e,—“—,de A dsz>

+da!' A dz1 + da? A da® + da® A da®. (4.40)

The last three terms don’t involve the hyper-Kihler manifold Q*', but we shall have
more to say about them in upcoming work [{1]]. Our normalization was chosen such that

1/3

¢fe = H=1/6. We should also note that the tensors €, include a factor of H™*/° coming

in from the warp factor of the metric ([£.). Now rewriting the above in terms of w,y and

F?,G we find
w = —H_l/z( ~i%e [1 2}dz A dz? +e’¢e[ eQ}dz NdzZ >
—1/2 <e*i¢dw A dy + e%dm A dg) —1/2 <e’“¢’dF2 A dG + €9dF2 A dé) (4.41)

using the fact H = 4g in our conventions and also the condition (9,F?) (9,G) — (0w F?) x
(0,G) = 1.

!These terms would represent BPS vortices, which in the ten-dimensional Hanany-Witten model are
realised by D2-branes with appropriate boundary conditions [@]
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Finally, we also note that the inner product 1x A does not give any contributions for our
choice of background. This is because the Killing vector K only has non-trivial components
in the (0,1,2,3) space, whereas the three-form potential A only has components in the
(4,5,6,7,8,9,10) space, so the inner product vanishes.

Therefore, the BPS lower bound on the mass of the M2-brane in our particular back-
ground is given by

/ KMpy > / w (4.42)

in accordance with Equation (§.32). This also reproduces our earlier result of Equa-
tion ({.17) if we note that under an appropriate worldvolume co-ordinate definition, setting
our phase ¢ = 0 and using Equation ({.15) we would have

1/2 (dF? A dG + dF2 A\ dG) = dF? A dG.

We note that there are no supergravity corrections to the holomorphic two-form which
gives the mass of the BPS monopoles in the dual gauge theory. All the Seiberg-Witten
analysis then follows through unchanged.

5. The N =2 Super Yang-Mills theory

We will now show how the supergravity solution (B.11)), along with the known form of
the M5-brane worldvolume action (B.J), can be used to extract information about the
corresponding gauge theory. We will study the dynamics of an M5-brane probe which
wraps around the M-theory direction, and thus reduces to a D4-brane upon dimensional
reduction. We will also calculate the Yang-Mills coupling and the theta angle for the N' = 2
gauge theory living on the D4-brane worldvolume. For a similar analysis in the Type 1IB

picture see [4).

5.1 Reduction process for the M5-brane worldvolume action

The first step is to dimensionally reduce the M5-brane worldvolume action along the M-
theory direction to arrive at the D4-brane action. This is actually a two-step process, as a
direct dimensional reduction yields the so-called dual D4-brane action. So after performing
the reduction, we then have to dualise the resulting action to arrive at the usual string
frame DBI action for the D4-brane. We will use and follow the analysis of [iJ] for these
steps, and refer the reader there for further details.

It is important to note that we will be using a modified Kaluza-Klein reduction ansétze.
Explicitly, the eleven dimensional metric can be expressed in component form as

e"29/3 (guu + CuCy) U€¢/3C;L
Gpp = ( w30, L2e40/3 (5.1)

where v is the winding number, giving the number of times the M5-brane wraps the com-
pactified dimension and C), is the R-R one-form. For the M5-brane worldvolume reduction
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we shall set v = 1. We can rewrite the M5-brane action in the form

Sys = —T5/d6o' |:\/_G6\/1+21 +2%/2—22

1 IABER A 5
+WE mnpqumemﬁggSta[aaia + Lwz (5.2)
where we have denoted the 6d (worldvolume) coordinates by of = (o*,0°) with p =

0,1,2,3,4 and Gg is the 6d determinant. The z variables are defined to be

(Aj) G ﬁﬂﬁG ﬁm

. tw(H) G P

21 = 9 == 9 (53)
~4 AA AN A A

. tr(zl-[ ) GHGH4GHGH_ 54)

If we now fix the gauge so that the compactified direction is taken to be the a = ¢ direction
(and hence Opa = 52), then we find that the quantity

(0a)? = G* ;00,0 (5.5)

reduces to G®°, and both G® and G are components of the 6d inverse metric G*. As
direct calculation shows, these are given by G® = (1 + C?) and G*® = —e?C®.
Upon dimensional reduction, the second term in the M5-brane action (§.9) above splits

into two, in particular

} Cuvdor 4 VIV Y I Ao (5
Fri =75 (‘ S e ORI g Hps M (5.6)
where now the second term above contributes to the original Wess-Zumino term to form a
new term WZ' (see [R9 for more details). We have used the explicit expressions for G
and G in the first term.
Fixing the gauge and dimensionally reducing the DBI term yields

Lppr — T5e*¢\/——G5\/1 + 2021 4 e49(22/2 — ) (5.7)
where
2 = —tr (7%2>
zp = —tr (7%4)

and the dimensional reduction of the field H is given by the expression:

1

wl3

e

— €

H. (5.8)

We have used the fact that 2, — 2?21 and 25 — e*® 2
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We will now rescale the ® and H fields to absorb the factor of the M5-brane tension 75
in front of the DBI and HH term. This will then put our action in the same form as that
of [13], and their dualization procedure follows trivially. The rescalings are of the form

e = 70T (5.9)

H' = 15H, (5.10)
so we see that the combinations e**z; and e*?zy appearing inside the square root above
are actually invariant under this rescaling.

So grouping together the various terms we can rewrite our compactified M5-brane
worldvolume action, which is actually the dual D4-brane action, as

Shy = —/d50 (6_¢/\/—G5 \/1 + 202 + e1?' (222 — 21) (5.11)

+%6¢/C“ﬁn/)\ﬂ/07'> _|_/LWZ, (512)

with the modified Wess-Zumino term given by
/ 1 1
Wz' = e CO 4 SH AW 4 2HW™ o) B, (5.13)

It now follows from the analysis of [&J] that the D4-brane action with a constant dilaton
background field is given by

Spy = — / o ¢ \[~det(Gru + Fou) (5.14)
iy 1
—/e ¢ <C(5) +Ciy NF + 50(1) ANF N f) . (5.15)
The two are related by
0Sps -
— = HM" 1
5F, (5.16)

where we note that we have the 6d hodge duals H = «H and the definitions H=H-
e ?C®) and F = F — b2). The method of [] relies on constructing Lorentz invariant
quantities with a particularly simple choice for the form of F),,, which is then used to solve
Eq. (b.16). Since the quantities are Lorentz invariant, it is straightforward to pass from
this special frame to a more general frame.

5.2 Dimensional reduction of the background supergravity solution

Before we proceed any further, we also need to dimensionally reduce the background su-
pergravity solution (B.1]) down to the ten-dimensional Type IIA string frame metric. We
recall that we are using a modified Kaluza-Klein reduction ansétze which, expressed as a

line element, has the form

2
ds%l,lO) = 6_2¢/3d8%179) + e4¢/3 <d$7 + e—¢cudxﬂ) (517)
Flay = Fay + Ty A da” (5.18)
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where F(4) = dC(3) is the field strength for the background three-form potential C'3), with
Fy and T3y = dl(y) being the RR four-form and the NSNS three-form field strengths of
the ten dimensional Type IIA theory. We recall that the coordinate z7 is the circle (of
radius R) we are compactifying on, with periodicity 27 R.

For clarity and ease of reading, we write down the eleven dimensional supergravity
solution we stated earlier.

ds® = H71/3dx2(173) + 2H71/39MNdszzN + H2/3dx2(3) (5.19)

with M, N = F?, G and where we recall that F?(w,y) and G(w,y) are holomorphic func-

tions of w,y with

v VR
nw == —-:
;2 1p3
.2 ror
B gSlsg B ZPS
s
YT R

and

v:x4—|—ix5

s = a8 +ia”. (5.20)

We can rewrite the complex Hermitian metric g,,5 in terms of real co-ordinates, and
then use the Hermiticity condition to simplify it further. Our aim is to calculate field theory
quantities on the resulting D4-brane worldvolume action, in which case the endpoints of
the D4-brane are allowed to have different fixed values in the 27 direction. With this in

mind, we modify our original co-ordinates

28 =7

2" = 7"+ #0sin6 (5.21)

6cos®

so that we are effectively tilting in the 27 direction (see Fig. [[). One may consider that
this angle is not an arbitrary paramter of the probe but rather that it is fixed by the
background and encoded in the holomorphic curve the background wraps. A different
value of § would therefore correspond to a different background and corresponding gauge
theory. We consider only constant 6 values.

In terms of these new co-ordinates, we may write
dy = ?dz’ + idy". (5.22)
The resulting eleven-dimensional metric is then given by
dsty = H'3daf 5 + 2H P M), datda” + 2H P dsi e + H*3da? (5.23)
with the Kaluza-Klein part of the metric being

ds3c i = gyy (A7 + Dydat)? (5.24)
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Figure 1: The tilted D4-brane with endpoints at different values of z7.

The notation for g,; refers to
g = H/2 (0,F) (8,F7) +1/2(9,G) (3,C) (5.25)
If we denote the uv = (v,6), then the M,,, part corresponds to

M, dxtdz” = gyy cos? 0di% + cos 0(guydv + gy@dq’))djﬁ

1
+gmjd’0d@ — i(gvgdU — gy{)d@)Q (526)
Y
and D, is in general given by
D, dxt = —QL(gvgdv + gyudv) + sin 0dz0. (5.27)
yy

5.3 The Yang-Mills coupling and theta angle

Having arrived at the expression for the D4-brane action (p.1§), we now show how the
supergravity solution (B.I)) can be used to extract information about the corresponding
gauge theory.

We wish to study the dynamics of the SU(IN) gauge fields that propagate on the
wrapped Mb5-branes. We will look at Hanany-Witten type configurations where the D4-
brane is finite in extent in the #% direction, which effectively reduces the worldvolume
degrees of freedom to four. This four-dimensional part is flat, and is the Minkowski space-
time R(13) where a supersymmetric gauge theory with eight supercharges is defined. One
finds that the low-energy four-dimensional gauge theory is a pure N'= 2 SYM theory with
gauge group SU(N).

The action for our M5-brane probe reduced to a D4-brane was calculated in the last
section to be

Sy — / Po e \/—det(Corm + Foo) (5.28)

o 1
—/e ¢ <C(5) +Ciy NF + 50(1) /\f/\f) (5.29)
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where all the bulk fields are understood to be the pull-backs onto the brane world-volume
which is parametrised by ¢ = (mo,xl,xQ,x?’,:ﬁG). By expanding the square root part of
the above action and examining the component which is quadratic in the field strength F
we can deduce the Yang-Mills coupling for the world-volume theory. We achieve this by
promoting F to an SU(N) field and by giving it an adjoint index A. If the generators are
normalized in such a way that tr (T47T5) = (1/2)647 for the fundamental representation,
then the above procedure leads to

1 1 (Oyar +2mn) 7
_ ol rA Fob —/d4 A paf ,
Sy s g%M 0'4‘7:a6'7:A + 39,7 O-faﬁfA , (5.30)
where
1 T5 2 ~ ~ — mn
iy 2 ) [ it di" oy =Ga g2 (5.31)
Y M

for (m,n) =0,1,2,3 (i.e. (¢™")* refers to two factors of the inverse metric in the 0,1,2,3
flat space) and v/—G5 denotes the square root determinant of the induced worldvolume
metric.

We can also deduce the value of the Yang-Mills theta angle to be

Oy = [—75(277)2 (2ma’)? / dz% dz” e=*CMY | mod 27 (5.32)

where Cﬁ(l) denotes the six component of the one form CW.

Now, to calculate the pull-back of the various forms we need to establish the ten-
dimensional background metric in the string frame. We can do this by comparing our
eleven-dimensional metric (5.23) with our Kaluza-Klein reduction ansitze metric

2
dsf) 19) = e*2¢>/3d5%179) 4 olo/3 <dj7 n e*d’qtd:c“) (5.33)

for 4 = 0,35 Due to the Hermitian nature of the metric, the Dg component of the

eleven-dimensional metric simplifies to
Dg = +sinf (5.34)

where Dg = H'/* [Sgyg]_l/A‘ Cs.
We can then read off the R-R (C,,) and NS-NS (¢, g,,) fields from the dimensional
reduction of the background metric (f.23). We find the dilaton is given by

3 20y
o=>m (Hly/g> , (5.35)

and for the six component of the R-R one form we get
ci = BV sing [8¢5,)"Y. (5.36)
The ten-dimensional string frame background metric is given by

ds%y = \/29,7 [H—l/Qdm%Lg) +2H Y20, datda? + HY 2da? | (5.37)
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If we now place our probe so that it lies along the 0123[6] directions, we can calculate the
induced metric and thus the Yang-Mills coupling. If we take into account the possibility
of our probe wrapping the 27 direction N times, this corresponds to looking at an SU(N)
gauge theory instead of a U(1) gauge theory. The coupling turns out to be

1 N

G2y 8m2gsls

di® cos 6 (5.38)

where to evaluate the determinant for the induced worldvolume metric we have used the re-
sult Mgz = gyg cos? 6, which follow from the Hermitian condition of the metric components.
The theta angle turns out to be quite simple as well, explicitly

]\; /d:EG (sinﬂ)] mod 27 N. (5.39)

Jsts

@YM:[

So the end result is that the usual Seiberg-Witten analysis goes through unchanged. The
bending of the NS5-branes given by the Seiberg-Witten curve is encoded in the #% integral.
In particular, Witten showed how this bending actually corresponds to the logarithmic
running of the Yang-Mills gauge coupling. In particular, the separation of the NS5-branes
is logarithmic in |v| since the end of the D4-brane in the NS5-brane is of co-dimension 2.
Essentially, the integral

Lg(v) = /d:EG cos @ ~ In |v|

is governed by the limits of integration at the D4-brane endpoints. The theta angle can be
seen to be fixed since @ is constant and also [di®sinf = [(dz” — d&") which is constant
since the difference in 27 of the endpoints is kept fixed.

We recall that a property of these wrapped Mb-brane constructions is that the back-
ground NS5-branes can be separated in the 27 direction by an arbitrary phase, so we can
think of our D4-brane probe as being tilted by an angle 8 which corresponds to the angle
that the NS5-branes are seprated by. Different values of this angle would therefore corre-
spond to the theta angle of different gauge theories as they reflect a different backgrounds.

Since supersymmetric D4-brane probes of the type we are considering are restricted
to lie in C? to end on an NS5-brane, this also restricts the holographic radial co-ordinate
to |v|, since that is the scope of movement of the probe in a radial direction. In eleven
dimensions, this probe picture is an approximation since an Mb-brane probe cannot be
both holomorphic and end on the background branes due to the smoothing out which
occurs.

For the canonical example of the Hanany-Witten Type ITA model with two NS5-branes
separated by a distance Lg and the D4-brane endpoints on the NS5-branes separated in the
2" direction by a distance Ly, the gauge coupling and theta angle reduce to the classical

values
1 Lg
9§2/M 87T2gsls
Ly
Oym =
gsls
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and the N’ = 2 complex gauge coupling can be written in the usual form

o 4
r=2M (5.40)
2m 9y M

5.4 Instantons

We can also show that instantons are correctly represented as Euclidean DO-branes living
on the colour D4-branes [i4, if in the 7% direction (for a similar analysis in Type I1IB
see [iF]). The world-volume action of a Euclidean D0O-brane in our special frame is given
by

Spo = o / 7% =0\ /G — im0 / eoc) (5.41)

where

: (5.42)

and the bulk fields are understood to be the pullbacks onto the brane worldvolume. The
appearance of 7 is due to the Wick rotation we perform to arrive at the Euclidean action.

Using the ten-dimensional metric we computed earlier (5.33), as well as the dila-
ton (b.39), the R-R one-form (§.36) and the explicit form of the metric (5.26) it is easy to
see that

872 .
SDO =5 = Z@y]\/[ (5.43)

9y m
which is the correct form of the instanton action. We have used the previous expressions
for the Yang-Mills coupling (5.3§) and theta angle (5.39) to arrive at this result. So we
conclude that the gauge theory instantons of the ' = 2 SYM theory are indeed represented
by Euclidean DO-branes extended in the &% direction, as one should expect from general
considerations.

6. The N =1 Super Yang-Mills theory

The previous construction, which describes the eleven-dimensional supergravity dual of
N = 2 field theories as the near-horizon limit of an M5-brane wrapped on a Riemann
surface ¥ C C2?, has been generalised to A/ = 1. In particular, the eleven dimensional
supergravity dual of certain N/ = 1 field theories (so-called MQCD theories [i6, []]) is
given by the near-horizon limit of an M5-brane wrapped on a Riemann surface ¥ c C3.
MQCD is then the quantum field theory living on the (0,1,2,3) part of a five-brane with
world-volume (0,1,2,3) x X.

6.1 The M5-brane configuration

The idea is very similar to the N' = 2 case, where we begin with a system of NS5-branes and
D4-branes in type IIA string theory. As an illustration, we can look at the simplest case
of pure Yang-Mills with no matter. This is realised by two NS5-branes, denoted by NS5;
and NS55. The NS5; brane has world-volume directions 012345, while the NS5; brane
has world-volume directions 012389. They are separated in the 6 direction with the NS5
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brane defined to be on the left. We can then consider the inclusion of n D4-branes of finite
extent in the 6 direction which are suspended between the NS5-branes. This configuration
will then describe an A/ = 1 four-dimensional SU(n) field theory on the world-volume of
the n finite D4-branes.

These configurations can be lifted to M-theory where they become an M5-brane wrap-
ped on a non-compact Riemann surface ¥ embedded in C3, generalising the A" = 2 case of
¥ cC

This is also equivalent to starting with the N~ = 2 configuration of section [ and
rotating one of the NS5-branes from the 45 plane onto the 89 plane. This corresponds
to turning on a mass for the adjoint scalar in the N' = 2 vector multiplet, breaking the
supersymmetry to N = 1. More general setups describing field theories with different
gauge groups and matter have been constructed (see for instance [[i§] and related papers).
For a similar anlaysis from the Type IIB viewpoint see also [i3, i

6.2 The supergravity solution

The supersymmetry preserving solutions of eleven-dimensional supergravity relevant for
describing the M5-brane setup were described in [ff]. The method is very similar to the
N =2 case, so we shall go straight to the results. The solution was found to be:

ds® = H VPda?(y gy + 2HY %9y 5d2M d=N + HYPdy? (6.1)
detg =H

F = 9,(wAw) —id(HY?w) A dy + id(HYw) A dy (6.2)

OwAw) =0 = d(wAw). (6.3)

In the above equations, the 2™ are holomorphic coordinates:

2l =wv = 2t +iad

22 =w = 28 +i2"

2 =5 =28+ iaY.

The metric (B-]) is of the form R(1:3) x ¥ x RM | where ¥ € € and y denotes the remaining
totally transverse direction. Also, & denotes the (1,0) exterior derivative @ = dz* 9y in C3.
The metric tensor g,,5 is Hermitian, a property we shall use in the following calculations.
It has an associated Hermitian 2-form

w = igyndz™ A dzN (6.4)

which is useful in expressing the field strength F' in a more elegant form. One can check
that the A/ = 2 solution satisfies the above constraints.

6.2.1 An alternative method

An alternative and fairly straightforward method of finding the supergravity solution is
applying ideas from the recent work on the classification of supersymmetric solutions of
11d supergravity [R4] (see also [R6]). We shall demonstrate a derivation of the supergravity
solution using these ideas.
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Firstly, it is useful to realise that the spinor e(z) which satisfies the Killing spinor
equation (R.2) can be reconstructed (up to a sign) from the following one, two and five-

forms:

Ky = el e
Quny = el yne

Y uNPQR = €L MNPQRE. (6.5)

One can check that the zero, three and four-forms built in a similar way vanish identically.

Furthermore, as recent work on G-structures and related ideas has brought to the fore,
if we start with a D=11 geometry with a Spin(10,1) structure and assume that we have a
globally defined spinor, then, at a point, the isotropy group of the spinor is known to be
either SU(5) or (Spin(7) x R®) xR depending on whether K is time-like or null, respectively.

Using the fact that our particular background preserves four Killing spinors, we can
always consider the case where K is null. The forms K, and ¥ then define a (Spin(7) x
R®) x R structure corresponding to the stability group of the spinor e. A possible set of
tangent space projection conditions for the spinor ¢(z) is given in this case by:

f‘0123zagbe == Z'(SGEE. (66)

However, for explicit calculations, we can choose an arbitrary spinor satisfying this con-
straint by choosing further appropriate projection conditions. A compatible projection
choice along the 01 directions would be

Dore = +e (6.7)

where the ambiguity of sign comes from the requirement that the projector squares to 1.
It should be emphasised that the equations for 1/8-SUSY hold for arbitrary + sign of this
projection, all that is required is that Equation (p.g) is satisfied. Similarly, for the 21, 2o, 23
space, we may use this freedom to choose the compatible projection condition

1/8 (ei¢f2212233 n e—i¢fzm) R (6.8)

and we can check this projector is also Hermitian, as is required. Again, the equations for
1/8-SUSY hold for arbitrary phase ¢.
Note that using the identity f0123456789y = 1 we can show that our projections imply:
fye = —e. (6.9)
These provide a set of independent, commuting projections which determine a unique
spinor up to scale. The scale of the spinor is given by fixing

ele = A. (6.10)

We will determine the value of A shortly.

To calculate the forms and solve the differential equations for the field strength, we
first need to determine the form of the metric. We shall start with a metric ansdtze of the
form R(13) x €3 x RM with the assumption that the complex space is Hermitian. This is
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typical of M5-branes wrapping 2-cycles in C3. In general we can have
ds® = f2dac(1,3) + 2¢Y, <%> 6a5dszzN + ¢*dy? (6.11)

with f, g arbitrary functions of 2™, 2N and y. As before we let a,b run through 1,2,3 and
normalise the complex part of the metric such that 6,7 = 1/2.

We can now proceed to calculate the non-trivial components of each form. A quick
calculation reveals that the K;(i = 2,3), K,, K3(a,b = 1,2,3) and K, components vanish

since, for example,

A ~ 2
Ky = elye = = (T,) e = —ec = 0

where in the second step we have used the f’y projection condition (B.9), and in the last
step the fact that €e vanishes identically.

The value of A can be determined taking advantage of the fact that K is a Killing
vector. A brief calculation shows that this Killing vector is given by

K =—Af(dt Fda'). (6.12)

Its defining property is that the Lie derivative of our metric ansidtze with respect to this

vector should vanish. This yields a number of constraints which collectively imply

Oq <£> =0= % = constant (6.13)

with ¢ running over all the spacetime co-ordinates (0...y). In our normalisation we set
this constant equal to one which fixes the value of A to be

—900- (6.14)

We can proceed in a similar fashion to determine the non-trivial components of the
two and five-forms. From our metric anséitze we can compute the relevant components.

We find
K = —f?(dt ¥ da') (6.15)
Q= fPg(dtFda') Ady (6.16)
5 = Fifefh e dup (d F da') Ada® Ada® N dzM A deN
—f2e MeNePeQ](Sabécd (dt Fdx ) AdzM A deN A dzP A d2@

e f?’e[leze3] (dt:de ) Adx? Adzt A dZ? A d2B

f3 L 6263] (dt Fdx ) Adz® Adzt A d2? A d2?
—wb
iiel—6f36[1 e eg] (dt F dxl) Adxd Adzt A dZ? A dz?

:Fz—f3 6263} (dt F da') Ada® A dz' Ad2? A d2P. (6.17)
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Now e(x) being a Killing spinor also implies that K, and X satisfy a set of differential
equations. These were given in [24)]:

2 1
dQ = 1 F (6.19)
A5 = g+ F— QAF, (6.20)

We now need to solve for the field strength F'. In the process we shall see that the form of
the metric is also fully determined by this set of equations.

If we begin by studying the consequences from the differential equation for Q (.19),
we quickly find that, for example,

1tk Forap = FG (2, 2M, N y) (dt ¥ dxl) Ada Adp
dQ = 0y (f?g) (dt ¥ dz') A dy A dy.

Setting a = y and 3 = x we have

TG = 0y (f2g) for xy = 2™, 2N,
This implies G = 0,9y (f%g) = 0 = f?gh(y) = constant, where h(y) is an arbitrary
function of y.
However, we can absorb this function into our metric co-ordinate dy since that is the
only place g appears, so gh(y)dy — gdy’. Requiring that the metric is asymptotically
Minkowski means we can set f2g = 1 and therefore

fP=g"

This reproduces, for example, the constraint dylng = —20yIn f labelled as equa-
tion (8) in [{l]. Both the components Fpyyp and its Hodge dual seven-form components
Fospnpgy (where M N P(Q are a non-trivial combination of holomorphic and anti-holomor-
phic indices) then vanish. This also implies that the contraction

1oF =0, (6.21)

which will simplify the calculations in what follows. We shall proceed in a similar manner
in the analysis of the other differential equations.

The differential equation for ¥ (p.2() yields numerous results. Foremost among them
are the non-trivial components of the field strength F

FMNPQ = %ay [fz (GNPGMQ - GNQGMﬁ)] (6.22)
Frory = 5 [0p (2Ganr) = 90 (/%G rg)] (6.23)

and their complex conjugates. The second result is calculated from the Hodge dual seven
form components Fyy 93,55, Where we have used the conventions outlined in Appendix [A.
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There are also relations between the undetermined functions f, g and the determinant
of the Hermitian part of the metric G. Concretely, defining a new function H, we have

H?|P(2))? = ¢°|P(2)]? = |det G (6.24)

with P an arbitrary holomorphic function of z™. This allows for the freedom to make a
holomorphic change of variables, in agreement with the observations of [, f, F1]. In our
co-ordinates we have chosen P(z) = 1.

Furthermore, if we rescale the metric such that
gun =H %Gy (6.25)
its associated Hermitian 2-form becomes
w =gy ydz™ A dzV. (6.26)

In this form a further constraint derived from our differential equation can be succinctly
written as in (.3)
9(0) (wAhw)=09d*xw=0. (6.27)

This co-Kéahler calibration agrees with the constraints on generalised calibrations typical
of these spacetimes [53]. We shall use this constraint to calculate the Kéhler metric on the
moduli space of complex scalars of the A/ = 1 gauge theory in the next subsection.

One can check that the rest of the constraints listed as (6-13) in [d] are reproduced in
their entirety. In addition, one must check that the equations of motion for the four-form
field strength and the Bianchi identity are satisfied.

Since we are considering an Mb-brane geometry, which couples magnetically to the
three-form potential, the roles of the Bianchi identity and the equation of motion are
reversed. This means we require that d x F' = 0 trivially. This is satisfied with the non-
trivial components of F' we have calculated.

In summary, in terms of the rescaled metric, the solution is in agreement with [[] (as
in (6.1), reproduced here for convenience):

ds* = H71/3dx2(1,3) + 2H1/6g]\/ngfdz]\/[dz]\7 + H?3dy? (6.28)
F = 9,(wAw) —id(HY?w) A dy + id(HY?w) A dy. (6.29)

The equation of motion for F' takes the form:
dF = 3, (w A w) A dy — 2i00 (Hl/%) Ady = J, (6.30)

where J denotes the source five-form specifying the shape of the Riemann surface describing
our M5-brane configuration.

This method is quite similar in spirit to the G-structures approach developed in [p4 -
4], and it was shown in [2G] how that group theoretic approach could rederive this same
supergravity solution.
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6.3 Probe calculation of complex scalar moduli space

We can perform a similar probe calculation to that of section B.d to determine the form
of the moduli space of the complex scalars, although now in the N' = 1 supersymmetric
gauge theory case. The main difference is that now the M5-brane is probing a background
of M5-branes wrapping 2-cycles in C? (instead of C?).

The metric we are using for this background, in terms of co-ordinates similar to the
F? G co-ordinates of the ' = 2 case is

ds? = H™Pda? (1 5y + 2 (H7Y3 |dGP + B2 |dF?[* + B2 |aK?[*) + Hdy? (6.31)

where, as before, 2 and K? can be thought of a local co-ordinates perpendicular to the
background Mb-brane, and G as locally parallel to the background M5-brane. This implies
that the Jacobian with respect to the 2 (i = 1,2,3) must be equal to one. It must also be
the case that H is harmonic in F2, K? and y. One can check that this form of the metric
satisfies the equations of motion. This could be used for explicit calculations but we will
be able to show that K3 is Kéhler from the general equations of motion (b156-9).

The holomorphic embeddings are now:

X" = g™

X]\i[ = XJ‘? (z,0™, uq (0™))

XN = xN (Z,Jm,uB (e™))

XV = XY (2,2,0™, uq (c™) UG (c™)),

with m =0...3, M, N = F?,K? G and y refers to 19 the totally transverse direction.
The z,Zz are arbitrary complex co-ordinates on the Mb5-brane worldvolume. The same
arguments about small deviations from a supersymmetric embedding of our probe in the
XY directions we used previously also apply in this case.

The calibration bound satisfied by our M5-brane probe is also different to the previous
case where we probed a background of M5-branes wrapping a 2-cycle in C2. Then, it was
a Kahler calibration which the probe had to satisfy. From the previous subsection, for a
background of M5-branes wrapping a 2-cycle in C3, the calibration bound our probe has
to satisfy is given by Equation (6.27). In terms of the metric G,;5 (which we recall is
Gy = HY%gy,5), the constraint takes the form

dr (H*l/?’ (GMU—D‘GN@‘ - GM@‘GNM;)) ~0. (6.32)

This constraint is an essential element in the calculation.
Repeating the analysis of section B. reveals, with the appropriate extension to C3, the
following action for the Mb5-brane probe

S = /d40d2z H72/3gzg\/—det (nmn + H1/3Lmn) (6.33)

with L,,, of the same form as before. Expanding this action and looking at the quadratic

terms in the complex moduli only, we find

Skin = Ts / d*o 6muaamuﬁKaB, (634)
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where K5 is a Kéhler metric given by
K5 = / d’z H 3 (G 3Gz — GasG.p) (6.35)
A

- / A’z Ty 0a XM XN (6.36)
A
We have introduced the notation
Tng = H ™ (GrpGrng — GrgGnrp) <56XP) <5ZXQ) : (6.37)

As before, G5 = %XTMGMN%, and Gy refers to the spacetime metric (6.25). In our

notation, we have that 9;pT); i3 = 0 (from (B.27) or (B.33)) and also that Ty;n5 = —Ty3-

The form of the metric K3 is quite suggestive, and using the constraint (p-33), we can
show this is Kahler up to total derivative boundary terms. Taking the anti-symmetrized
derivative of this metric we get

0, K o5 = / Ad% Oy (Tarnp) OaX MO XN — / Adzz Oa (Tarng) 0, XM 0. XN

+ / Adzz Torn0a XM (8,0:XN) + / Ad2z Tarng0s XY (020:XM) . (6.38)
Integrating the third term by parts and simplifying the result we have
0, K o)5 = / Adzz (0rTyng) OaX ™. XN 0, X T

_ / Ad2z (0rTang) O X MO XN 0 X
- / Ad2z (0rTyNg) DX MO, XN 0 X T
+ / Ad% 0 (Thyn30aXM0.XN)

= 0a XM, XN, X [0rTy N5 — OMTrng — ONTa1RS)
+ / Ad2z 0 (Tyn30aXM0.XN)

= / Adzz 0: (T n30aXM0.XN) . (6.39)

So again we have a total derivative for the boundary term, and the moduli space metric
is indeed Kihler. An important role was played by the spacetime calibration bound (6.33)
(or equivalently (6.27)) in analogy with the calculation of section B.d. However, note that
in this case it is not a Kahler calibration but part of the more generalised calibrations
typical of these spacetimes.

6.4 Dimensional reduction of the background supergravity solution

This follows very similar lines to the N/ = 2 case, so again we just give the results. We find
the eleven dimensional metric becomes

ds?, = g_l/gdac%l’g) + 291/6Muydac“dx” + 29"/ ds% - + ¢*3dy? (6.40)
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where now
ds% i = Guww (d:E7 + Dudx“)2 . (6.41)
If, as before, we denote the puv = (a, b, 6), then the M,,, part corresponds to
M, dztdx” = guwe cos® 0di% + cos 0(gawda + gwddd)di“6
(Jawda — guwada)® (6.42)

- 1
rdadb —
+gab a 4

ww

where now a,b = v,s and D, is in general given by

D,dz" = — (gawda + guada) + sin 0dz°. (6.43)

ww
Using the same form of the Kaluza-Klein reduction ansitze (p.1]) used previously, we can
easily read off the various supergravity fields. In particular, the dilaton is now

¢ = zln <29wwH Y 6) (6.44)
and the six component of the R-R one form becomes
CY = H V8 sin6 85,1 . (6.45)
6.5 The Yang-Mills coupling and theta angle
The ten-dimensional string frame background metric is given by

ds%o = /20wa {H‘l/ﬂ‘dx%m) + 2H1/4Mw,dx“dx” + H3*dy?| . (6.46)

If we now place our probe so that it lies along the 0123[6] directions, we can calculate the
induced metric and thus the Yang-Mills coupling. This turns out to be
1 N

= dz® cos® 6.47
g%/M 87"29813 ( )

where to evaluate the determinant of the induced metric we have used Mgz = g77, which
follows from the Hermitian condition of the metric components. Again we now include a
factor of N to take into account the possibility of the probe wrapping the z” direction N
times.

The theta angle turns out to be quite simple as well, explicitly

N

gsls

Oyn = [ / dz® (sinﬂ)] mod 27 N. (6.48)

We note that these results are in exact agreement with the previous N' = 2 results. As
before, the theta angle is constant for the same reasons: the endpoints are held at fixed
points in the 27 direction. In this case, however, there does not seem to be a supersymmetric
probe brane capable of detecting the running of the Yang-Mills gauge coupling since all
such branes would necessarily reside at the origin in the |v|-plane and be fixed there. As
in the pure N' = 1 Yang-Mills case, when all N D4-branes are coincident due to the
rotation of one of the NS5-branes, we again have a classical gauge coupling proportional to
Lg, the separation of the NS5-branes at that particular point. The theta angle would be
proportional to Lg, the distance between the endpoints of the D4-branes in the 27 direction.
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6.6 Instantons

We can also probe the ' = 1 background along #% with Euclidean D0-brane probes to
find the corresponding instanton action in the D4-brane world-volume gauge theory. This
turns out to be exactly the same as for the AN/ = 2 case, concretely

872

SDO =5 - i@y[v[, (6.49)
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which is the correct form of the instanton action.

7. Discussion

In this paper we have used M-branes as probes of the supersymmetric 11-dimensional
supergravity solutions [, B, fl] corresponding to M5-branes wrapping 2-cycles in C? and
C3. These probes have revealed interesting features about the corresponding A/ = 2 and
N =1 field theories. In general there were no unwanted supergravity corrections to field
theory parameters such as the gauge coupling and theta angle from this analysis. In
particular this means that, for the N/ = 2 theories, the supergravity solution correctly
reproduces the field theory results found by Seiberg and Witten [14].

In the case of M5-brane probes, we have determined that the K&hler metric for the
kinetic term of the complex scalars in the N = 2 effective Lagrangian receives no super-
gravity corrections. This is also true of the gauge coupling and theta angle parameters.
The static M2-brane probe calculation, probing the BPS spectra and corresponding to a
monopole in the field theory, also agrees with the usual calibration arguments.

We demonstrated a new derivation of the supergravity solution [f] using a method
where the projection conditions and spinor differential equations (6.186.19/6.20) played a
central role. We also analysed the N/ = 1 field theory related to M5-branes wrapping a
2-cycle in C3. All the results showed no supergravity corrections to the usual flat-space
field theory analysis.

It would be interesting and useful to achieve a good understanding of the boundary
conditions of finite probes with respect to the background M5-brane configuration and
understand in what sense one can do such a calculation in M-theory, which in Type IIA
corresponds to a finite D4-brane probe.

Other possibilities to try in the future include using non-static branes to probe further
interesting features of the field theory. One example would be using M2-branes to probe the
k-monopole moduli space of SU(N) N = 2 gauge theories. There are also other phenomena
of N'=1 MQCD that could be investigated such as domain walls and vortices.
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A. Conventions

In our conventions the epsilon tensor is defined such that

€ppopn = 1 = getttm, (A.1)

We define the complex co-ordinates 2" = 2™ + iy and also define
€M1...Mn€N1...NndZM1 A dZMndZ™N L AdE = €pno AT ANy AL AT Ndy". (A.2)

A differential form with holomorphic and anti-holomorphic indices is defined as

1

F=0a

Faoanmn. 5,02 AL deMe A dN AN (A.3)

The Hodge dual on a manifold of the form R x Q") with R™ being an n-dimensional
Lorentzian manifold and Q("¢) being a Hermitian manifold of complex dimension nc, is
defined, for an (r,p, q)-form, as

V gRrvV GC 6“1---/“" mi..mp eﬁl...ﬁq
rimplng!(n — r)l(ng — myp) (ng — ng)! Fritokn Metiting ot e

dzV A AN A dZME N L A2 A dZTPE A LA d2T e

*F =

The determinant of a Hermitian metric can be written in the form

2
1 _ _
/det JuUN = <_'> 6M1...Mnc ENl'”Mnchlﬁl . gMnCNnC (A5)

nge:

()

This implies that, for example, we have

2
My..Mng, 1 ne
€ My - Chg | (A.6)

ellegeg} = 3! (det QMN)1/4- (A.7)

The component of the inverse metric compatible with this definition is

_ 1 1 _ _
MiNy _ My..Mn,  Ni...Np, _ _
/ ~ (nc - 1)! \/dethN6 o CIMN; =+ IMn N (A.-8)
A useful identity to know for the calculations of section is
0y (F749*7) = =0y (Fgurw) /M P9, (A.9)
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